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We analyze the influence of a surface dielectric layer on the transient phenomena
related to the ionic redistribution in an electrolytic cell submitted to a step-like
external voltage. The adsorption-desorption phenomenon is taken into account in
the famework of the Gouy-Chapman approximation, where the ions are assumed
dimensionless. In the limit of small amplitude of the applied voltage, where the
equations of the problem can be linearized, we obtain an analytical solution for
the surface densities of ions, for the electrical potential and for the relaxation time
for the transient phenomena. In the general case, when the linearized analysis is
no longer valid, the solution of the problem is obtained numerically. The role of
the thickness of the dielectric layer on the relaxation time is also discussed.

I. INTRODUCTION

To extract information about the physical parameters from measure-
ments on electrolytic cells submitted to an external electric field, the
theoretical models used for the interpretation of the experimental data
have to take into account correctly the occurring transient effects [1,2].
Several studies have been indeed devoted to analyse the response of
poorly conducting electrolytic cells to a step like potential [3–5], in
the Gouy-Chapman approximation [6], in which the ions are assumed
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dimensionless. Such approximation is definitely valid for nematic
liquid crystals, i.e., insulating materials for which the electrical con-
duction is mainly of ionic origin [7]. The aim of this contribution is
to extend previous analyses by taking into account the adsorption
phenomenon at the limiting surfaces, and also the presence of a
surface dielectric layer deposited on the electrodes.

In order to simplify as much as possible the problem, we suppose
that in the absence of an external field the liquid is locally and globally
neutral. In this case, in the absence of an applied difference of poten-
tial, the electric potential in the cell is position independent, and the
electric field zero. This hypothesis implies that the adsorption energy
of the positive and negative ions with the limiting surfaces are the
same. Since the adsorption energy can be identified with the electro-
static interaction energy of a given ion with its image in the substrate,
the ions are supposed to have the same electrical charge, q, and geo-
metrical dimension, ‘ [8,9]. As in [3] we assume furthermore that:
1) the ions are dispersed in an insulating isotropic liquid whose dielec-
tric constant is e; 2) the external voltage is a step of amplitude V0

applied at t ¼ 0; 3) the electrodes are perfectly blocking, but they
can adsorb ions; 4) the ionic mobilities of the positive and negative ions
are identical, l, as well as the diffusion coefficients, D; 5) the relation
of Einstein l=D ¼ q=(KBT), where KB is the Boltzmann constant and T
the absolute temperature is assumed valid; 5) the density of ions, in
thermodynamical equilibrium, in the absence of limiting surfaces
and external electric field, N, is supposed very small with respect to
the density of the liquid. In this framework the recombination of the
ions can be neglected.

Our analysis is mainly focused on the role of a surface dielectric
layer on the ionic redistribution when the cell is submitted to an exter-
nal electric field. In particular, the importance of this surface layer on
the relaxation time will be investigated. The considered problem is of
some importance in the display technology, where the surface insulat-
ing layer is deposited in order to avoid charge injection from the
electrodes into the liquid crystal.

II. THEORETICAL BACKGROUND

Let us consider an electrolytic cell of thickness d (with dielectric con-
stant e) bounded by two identical dielectric layers of thickness h (and
dielectric constant eh). We indicate by np and nm the bulk densities of
the positive and negative ions (p stands for plus and m for�), and by
rp(�d=2) and rm(�d=2) the surface densities of positive and negative
ions at the surfaces at z ¼ �d=2.

94 F. C. M. Freire et al.
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In the absence of the external field and of the adsorbing surfaces
np ¼ nm ¼ N. When the surfaces are present and the external field
is absent, due to the symmetries of the problem, we still have
np ¼ nm ¼ neq, when the equilibrium has been reached. The bulk den-
sity neq is different from N since a part of the ions have been absorbed
by the surfaces. In this condition, the surface densities of adsorbed
ions are indicated by rp ¼ rm ¼ req.

When the external field is applied, at t ¼ 0, there is a migration of
ions toward the electrodes. In this case, at equilibrium, npðz;tÞ!
np;eqðzÞ;nmðz;tÞ!nm;eqðzÞ;rpð�d=2;tÞ! rp;eqð�d=2), and rmð�d=2;tÞ!
rm;eqð�d=2Þ. The phenomenon is governed by the equations of conti-
nuity for the two types of ions and by the equation of Poisson giving
the actual electric potential profile when the ions are present.

The current density of ions is

jr ¼ �D
@nr

@z
� qnr

KBT

@V

@z

� �
; ð1Þ

where r ¼ p, m and the sign is þ for r ¼ p and � for r ¼ m. The equa-
tion of continuity is

@nr

@t
¼ D

@

@z

@nr

@z
� q

KBT
nr
@V

@z

� �
: ð2Þ

The equation of Poisson is [10]

@2V

@z2
¼ � q

e
ðnp � nmÞ: ð3Þ

We assume for the kinetic equation at the adsorbing surfaces that
proposed by Langmuir [11,12]:

drr

dt
¼ knr �

1

s
rr; ð4Þ

where k is the adsorption coefficient, and s a parameter, having the
dimension of time, connected with the desorption phenomenon.

The boundary conditions for the ions density, in the presence of the
adsorption phenomenon, are

jr ¼ �
drr

dt
; ð5Þ

where the sign � is for z ¼ �d=2, and þ for z ¼ d=2.
The boundary conditions for the potential have to take into account

the presence of the dielectric layers. The difference of potential
between the electrodes should be equal to the applied potential V0
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and the electric field has to satisfy the continuity equations at the
electrolyte-dielectric layer interface:

V0 ¼ �2hEhðtÞ þ
Z d=2

�d=2

Eðz; tÞdz;

eEð�d=2; tÞ ¼ ehEhðtÞ þ qr;

ð6Þ

where r ¼ rp� rm and Eh(t) is the electric field inside the dielectric
layer. Since free charges are not present within the dielectric layers,
the electric field Eh is position independent. It follows that

VhðtÞ ¼ Vð�d=2; tÞ ¼ �V0=2� hEhðtÞ

¼ �V0

2
cþ qr

hc
eh

þ q
hc
deh

Z d=2

�d=2

dz0
Z z0

�d=2

nðz00; tÞdz00; ð7Þ

where n ¼ np� nm and c ¼ deh=(dehþ 2he).
The initial conditions (t ¼ 0) are

req ¼
1

2
Nd

1

1þ d=ð2ksÞ ;

neq ¼ N
d=ð2ksÞ

1þ d=ð2ksÞ ;
ð8Þ

for the surface and the bulk densities of ions, in the absence of the
external electric field.

III. LINEAR ANALYSIS

A. Linearized Equations

We assume that the presence of a weak external electric field produces
only a small perturbation on the distribution of ions (see Ref. [13]
where the limit of such assumption is discussed). By defining
nr(z,t) ¼ neqþ dnr(z, t), and rr(t) ¼ reqþ drr(t), where dnr(z, t)<neq,
it follows that Eqs. (2) and (3) can be linearized as

@ðdnrÞ
@t

¼ D
@

@z

@ðdnrÞ
@z

� q

KBT
neq

@V

@z

� �
; ð9Þ

@2V

@z2
¼ � q

e
ðdnp � dnmÞ; ð10Þ

96 F. C. M. Freire et al.

D
ow

nl
oa

de
d 

by
 [

U
ni

ve
rs

ity
 o

f 
C

al
if

or
ni

a,
 S

an
 D

ie
go

] 
at

 1
4:

19
 0

9 
A

ug
us

t 2
01

2 



The boundary conditions are

D
@ðdnrÞ
@z

� q

KBT
neq

@V

@z

� �
¼ kdnrðtÞ �

1

s
drr; ð11Þ

�D
@ðdnrÞ
@z

� q

KBT
neq

@V

@z

� �
¼ kdnrðtÞ �

1

s
drr; ð12Þ

for z ¼ � d=2 and for z ¼ d=2, respectively.
To find the solution, we separate the unknowns of our analysis

in transient and equilibrium (for t!1) components as dnrðz; tÞ ¼
dnt

rðz;tÞþdne
rðzÞ;Vðz;tÞ¼Vtðz;tÞþVeðzÞ, and drr(�d=2, t)¼drr

t(�d=2, t)þ
drr

e(�d=2). We consider here only the solutions for the transient
components. For the equilibrium components the results are reported
elsewhere [4].

B. Relaxation of the Transient Components

We look for the solutions of the bulk Eqs. (9,10) for the transient
components of the form:

dnt
rðz; tÞ ¼ wrðzÞe�at; Vtðz; tÞ ¼ /ðzÞe�at; ð13Þ

where a > 0, since the solutions have to vanish for t!1. By taking
into account Eq. (13), from the kinetic equation at the interface

ddrt
rðtÞ

dt
¼ kdnt

rðtÞ �
1

s
drt

rðtÞ; for z ¼ �d=2; ð14Þ

we obtain

drt
rðtÞ ¼M�e�t=s þ ks

1� as
wrð�d=2Þe�at; ð15Þ

where M� are integration constants to be determined by the boundary
conditions. By substituting Eqs. (13) and (15) into Eqs. (11,12) written
for the transient components, we obtain

w0r �
qneq

KBT
/0

� �
e�at ¼ � k

D

as
1� as

wre
�at � 1

Ds
M�e�t=s;

w0r �
qneq

KBT
/0

� �
e�at ¼ k

D

as
1� as

wre
�at þ 1

Ds
Mþe�t=s;

ð16Þ

for z ¼ –d=2 and z ¼ d=2, respectively. From Eqs. (16), which have to
be valid for all t, it follows that Mþ ¼M� ¼ 0.
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From Eqs. (9,10), by taking into account the symmetry of the
problem, we get

wrðzÞ ¼ �B1 sinhðn1zÞ þ B3 sinhðn3zÞ; ð17Þ

/ðzÞ ¼ A1z� 2q

en2
1

B1 sinhðn1zÞ; ð18Þ

where

n1 ¼ ð1=keqÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� ða=DÞk2

eq

q
; and n3 ¼ i

ffiffiffiffiffiffiffiffiffi
a=D

p
: ð19Þ

The boundary condition for the potential is

/ð�d=2; tÞe�at � Veð�d=2Þ ¼ VhðtÞ: ð20Þ

Substituting Eq. (18) into Eq. (20) we obtain

A1 ¼
2B1

d
� 2q

en2
1

Xd �
2qks

1� as
hc
eh

Xd þ
2qhc
deh

2Xd

n2
1

þ dYd

n1

� �� �
;

where Xd ¼�sinh(d=(2keq)) and Yd ¼ cosh(d=(2keq)).
By imposing the boundary conditions (16), we obtain B3 ¼ 0 and

1� kas
Dð1� asÞ n

2
1k

2
eq

d

2
þ hce

deh

dksn2
1

1� as
� 2

� �� �

¼ coth �n1
d

2

� �
�1þ n2

1k
2
eq þ

2hce
deh

� �
v1

d

2
; ð21Þ

which is the eigenvalues equation of the present problem.
It follows that the solution of the problem is given by the superpo-

sition of functions of the form of Eqs. (13) with the acceptable values
of n1, given by the eigen-values Eq. (21). The first solution is easily
found to be n1 ¼ 0, which means a ¼ k2

eq=D. However, this solution is
not interesting because it corresponds to a case in which there is not
separation of charges. More important are the other solutions, which
can be found numerically. Note that also solutions with td smaller
than s, which is the typical time scale of the adsorption events, are
not interesting. In fact, the transient phenomenon in the bulk cannot
be faster than the adsorption phenomenon at the limiting surfaces.

IV. RESULTS AND DISCUSSION

We consider here an electrolytic cell of thickness d ¼ 25mm bounded by
two dielectric layers of thickness h (varied in the numerical calcula-
tions). We assume monovalent ions, with density N ¼ 4.2� 1020 m�3

98 F. C. M. Freire et al.
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in thermodynamical equlibrium, and diffusion coefficient D ¼ 8.2�
10�12 m2=s. The temperature is T ¼ 300 K. The cell has dielectric
constant eh ¼ 6:7e0, and the one of the surface layer is eh ¼ 2:1e0. The
parameters correspond to a commercial liquid crystal [14]. We assume
that the adsorption occurs at the surfaces separating the cell from the
dielectric layer, with k ¼ 10�6 m=s and s ¼ 0.01 s, unless otherwise
specified. Furthermore, the potential V0 is chosen in the range from
0.1 mV to 25 mV.

The analytical solutions are found using the linearized analysis
reported in the previous Section. Since linearization is valid only
when the applied potential is small, we have also performed numerical
simulations to study the dynamics of the system. Details about the
numerical solution can be found elsewhere [15,16].

The response of the system to a step-like potential consists in a tran-
sient component which decays exponentially towards an equilibrium
state. We plot the time evolution of np(f, t) in f ¼ �d=2þ l=2, where
l ¼ 0.05 mm is the space step used in the simulation in Figure 1. The
applied potential causes the accumulation of ions close to the surface,
which is responsible for the generation of an electric field opposite to
the applied one. As a consequence, the electrical potential in the bulk
diminishes with increasing time, as shown in Figure 2. The increase
of h corresponds to a larger accumulation of adsorbed ions. As a result
the density of ions in the bulk is diminished and the potential decays

FIGURE 1 Density of positive ions close to the surface, at z ¼ �d=2þ l=2, vs.
time for three values of h. The applied potential is V0 ¼ 0.1 mV.
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FIGURE 2 Electrical potential close to the surface, at z ¼ �d=2þ l=2 vs. time
for three values h. The applied potential is V0 ¼ 0.1 mV.

FIGURE 3 Electrical potential close to the surface, at z ¼ �d=2þ l=2, vs.
time for three values of adsorption parameters k, and h ¼ 0. The figure
corresponds to V0 ¼ 0.1 mV and s ¼ 10�2 s.
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faster. This is confirmed form the results reported in Figure 3, where
the potential as a function of time is considered for different values of
the adsorption parameter k, and h ¼ 0. Increasing k corresponds to a
stronger role of adsorption, with results similar to that obtained when
increasing h, both for what concerns the larger decay of the potential in
the bulk and for the diminished concentration of ions. On the contrary,
the decay time, which was decreasing with increasing h, now is increas-
ing for increasing k. Finally, in Figure 4, the decay time is reported as a
function of h for V0 ¼ 0.1 mV and different values of the adsorption
parameters (as reported in the plot). The decay time is sensitive to
the adsorption parameters only for low values of the dielectric layer
thickness. Increasing h, the adsorption phenomenon becomes less
and less important for the determination of the transient solution.
Also, the agreement between the numerical and the analytical solu-
tions becomes poorer with increasing h and=or with increasing the
adsorption parameters.

V. CONCLUSION

We have investigated the ionic redistribution occurring in an electro-
lytic cell submitted to an external electric field. In our analysis we

FIGURE 4 Decay time as a function of h for different values of the adsorption
parameters. Comparison between analytical (solid-line) and numerical (dot-
line) solutions. For the case k ¼ 0 the analytic and numerical curves coincide
perfectly for small values of h. The figure corresponds to s ¼ 10�2 s.
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have considered the influence of the adsorption at the interfaces as
well as the role of a surface insulating layer deposited on the electro-
des on the transient phenomena. Our analysis has been performed
in the framework of the Gouy-Chapman approximation, where the
ions are assumed dimensionless. For the set of physical parameters
considered, in the limit of small applied voltage, we are far from the
problems connected with the unphysical increasing of the surface den-
sity of the ions close to the electrodes, requiring the introduction of the
layer of Stern, related to the finit dimension of the ions. Hence, our
analytical predictions are expected to work well for applied voltages
smaller than (or of the order of) the thermal electrical voltage
VT ¼ KBT=q � 25 mV for monovalent ions.

REFERENCES

[1] Hunter, R. J. (2003). Introduction to Modern Colloid Science, Oxford Science
Publications: New York.

[2] Israelachvili, J. (1985). Intermolecular Forces, Academic Press: London, Chapter 12.
[3] Bazant, M. Z., Thornton, K., & Ajadari, A. (2004). Phys. Rev. E, 70, 021506.
[4] Alexe-Ionescu, A. L., Barbero, G., Freire, F., & Scalerandi, M. (2006). J. Phys.

Chem. B, 110, 17889.
[5] Barbero, G. & Evangelista, L. R. (2005). Adsorption Phenomena and Anchoring

Energy In Nematic Liquid Crystals, Taylor and Francis Group: London.
[6] Moore, W. J. (1972). Physical Chemistry, Prentice-Hall, Inc.: London.
[7] Briere, G., Gaspard, F., & Herino, R. (1971). J. Chim. Phys., 68, 845.
[8] Scott, M., Paul, R., & Kalert, K. V. I. S. (2000). J. of Colloid and Interface Science,

230, 377.
[9] Scott, M., Paul, R., & Kalert, K. V. I. S. (2000). J. of Colloid and Interface Science,

230, 388.
[10] Cirkel, P. A., van der Ploeg, J. P. M., & Koper, G. J. M. (1997). Physica A, 235, 269.
[11] Maximus, B., de Ley, E., de Meyere, A., & Pauwels, H. (1991). Ferroeletrics,

121, 103.
[12] Barbero, G. (2005). Phys. Rev. E, 71, 062201.
[13] Freire, F. C. M., Barbero, G., Scalerandi, M. (2006). Phys. Rev. E, 73, 051202.
[14] Sawada, A., Tarumi, K., & Naemura, S. (1999). Jap. J. of Appl. Phys., 38, 1423.
[15] Scalerandi, M., Pagliusi, P., & Barbero, G. (2004). Phys. Rev. E, 69, 051708.
[16] Kaniadakis, G., Delsanto, P. P., Condat, C. A. (1993). Math. Comp. Mod., 17, 31.

102 F. C. M. Freire et al.

D
ow

nl
oa

de
d 

by
 [

U
ni

ve
rs

ity
 o

f 
C

al
if

or
ni

a,
 S

an
 D

ie
go

] 
at

 1
4:

19
 0

9 
A

ug
us

t 2
01

2 


